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/�� �+ I�1*� � �� 7Np� 3���
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'2 4�@ ���� /
60 # ��� ��!�" �

<"��2� (n−|)×���
n '- ,���4 '91* ��	/R� G#� ( (n−|)×���)

n )n+n # nn+ (n−|)×���
n '- $��  �e/	�  .N
��	V �B	* ,e/	�  .N
�'2 �

�A = D�a| cot πD �+ $�� >+�>+ a xN
 G1_ '+ ,e/	�  .N
�'2 $^�R� �$�� ,e/	�  .N
fn U�  NK�4 '�#�"
�$�� G#� ��D + D 4�@ �

�$��  8#� 4�@ &D 4�@ <#h@ '+  (*�21!%` 4�@ 3%�B2 �

�$�� � '- ,=� U� "� >%o '+ �	/R� D IH ����,=� Q��* &|× ��C�|� − � G#� 4�@ �

�� ��� � .�/�, 0$12� 3
�2��+  =�+ ,=� U� �B	* '-  ��9 �* �� �2#� 3�� # �%	- x�9 �� [a�^ 4�@ Q�=�� <��+#4 # �%	- x�9 �� IH Q�=�� # ��>%6+ >e2 �4 �� n �	2�� 4�@ U�
'+ $!R2 4�@ IH '- $��  /%.=1� �%�a 4�@ >�  �=� ��'A�� �,%��2� � n 4�@ l m  �=� ��'A�� �� <�2��� =�+ ,=� ��%�4 '��4�
x9�� �� >�" ����<��5: �$�� D d>�� |�C� '- $��	.� 3�� '+ '- $�� � & |�C�  �=� ��'A�� G��� ��>+ �4��4 41K "� >/]V1- D d>�� 3�>KH

�4>- I�%+ I�1*� � &4�@ U�  �=� 'A�� # D '+
M1�O� G��� ��>+ ��	-� �2 >%%�* IH  �=� 'A�� >*�i%=4 g��!@ '+ �� IH Q�=�� M1�O� lD "�  +>�� �+ ��m �%	- x�9 D �+ �� �4�@ >� >:� �

�$�� \0 5%2 &��+ D = |� Q�=�� M1�O� # $�� \0 &�� Q�=��
�|C− � = �� G��� ��>+ �$�� D "�  +>�� 'A%�� [a�^ &,%	- ,- 4�@ 41K "� ��  .%!_ 4�@ >� Q�=�� M1�O� >:� �

&$�� D d>�� 'A%�� &\+1NT� �+ 4�@ >� �h/K� '21�2 ��>+ �$�� >�sb�\)+ D >+ 5%2 IH "�  /A6��9 >� &�0�+ >�sb�\)+ D >+ �4�@ >:� �
�C|�− �|C = �D� = D× || G��� ��>+

'A�� ���D��| # �| G��� ��>+ &410� �2 4�O�� IH  �=� 'A�� �4 �>%%�* &� �� D ,=� 4��.* >� 3/0�s: &�0�+ >�sb�\)+ D >+ �4�@ >:� �
��2��4  2�R]�  �=�

h�� &IH Q�=�� M1�O� <#h@ �'+ Q�=�� d>
�[a�^ �+ $�� >+�>+ &$�� D IH I�]� ,=� '-  �=� #4 4�@ >� �
�,%	-� � ��s:�# �	��'=h@ <�	2�1K '+ �� ��� :;�# 3�� g�!w� �|D = |× D+ (|+ D)

�� ��� %" 4�5�� ��3
410� � >��Y >�" g�1a '+ D >+ ,%RT* �4  .%!_ 4�@ >� �$�� 78�9 D >+  .%!_ 4��@� ,%RT*

N

D = I . FFFFFF · · ·

G��� ��>+
�
D = �� ����..., �C�

D = ��� ����..., ��
D = �� ����...

$��+ ,%RT* [�@ Q�O2� I#�+ ���A@� $�R= '!���� ��>+  ��� �%2�1*� � ��H '-� 3�� >*�78�9 $�R=  8# �0�!2 5%62��I�O%� ���0 D >+ ,%RT*
[a�^ '-  2��" �* Q�=�� M1�O� I��� >6�4 g��!@ '+ �� &$��  �=� 'A�� I��� ���A@� $�R= x=�# �4 ,�10� � '91/� $�����  �- �+ ����#H

��%	- <���A� ��  ��!�" �168� �%2�1*� � ��� # DDD &DD &D >+ 4�@ U� ,%RT* �4 3%	(�� �410  �=� U�
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� �����	
�� �
�����

��67�
4	 0,�", � �� ��� 8
���� &��� &�� &� <�2��� =�+ '- $�� 3�� $�� �4>+��- # 78�9 ��%R+ # $�� <�0 '/K�	0 "#>�� '+ �* I�/��+ I��" "� '- D ���� :;�# "�  ]�
g�!���� ��'O%/2 $�a \���"H ��>+ D "� ��1�@ &�0� � Q�O2� ']*>V �+ g�!���� '-  2��" �4 �$�� U� �#�R� D >+ <4 ����I�1* "� Q��- >� #
3�� ��>+ ���<4�� <�� '2 4�@ yp8 '+ ��	- [a�^ I�	%�_� 41K q��/2 I41+ $��4 "� $0�4 "�%2 &4�4� � Q�O2� �� '!���� '-  J)0 ��0� � <4�
/��

$�� <4�4 Q�O2� �� >�" d>
 #� ,%	- �>` �$0�4 419# ��-

�D���× ���CC = ��CC�C���.

U� �#�R� D >+ <4 ����I�1* "� U� >� ,%RT* ��<�2��� =�+ �2�4� � #� '- �O2H "� �$�� '!���� F��b &$�� ']*>V �#� #� ,AV \%b '- �5%V �B	*

&'21�2 3�� �4 �4���0� � �� F��b 4�@ # <�0 d>
 4�@ #4 ����<>B� 4��.* &$�� <4 "� I�1* U� <�	�4 �I�A2 ']*>V �#� >+ <>B� >�  `>_ "� # $��
# | &C 7%*>* '+ &D >+ 4��@� 3�� <�2��%=�+ �$�� �| >+�>+ d>
 [a�^ Q�=�� M1�O� # |� # C� 7%*>* '+ <�0 d>
 4�@ #4 ����,=� M1�O�
 ��>+ ��>+ d>
 >+ <#h@ I1�"H 3�� �,%	-� � [a�^ I�	%�_� d>
�[a�^  /��4 "� C× | = � d>
�[a�^  /��4 '+ '91* �+ G�^ �$�� �

�$�� <4�
/�� [+�= 5%2 i�>
* # x�9  /��4
$�h@ '+ '%!0 ��%R+ ����9 4��2 ,�4"12 I>= [��#� �4 �$�� U� >+�>+ D >+ <4 ����I�1* "� U� >� <�2��� =�+ '- $%.=�# 3�� "� 3/`>: Q�B8� �+
��9 ��9 �4 #� Q�2� l m[+ � * ��� G1= '+ '-  R- ��0 M��+� �#�: c�1* '+�A� ����'p+�� >6�4 # 'p+�� 3�� I�%+ ��>+ �#�R�
 /AB2�,� �1�� G1^ IH  
��� I�+" ��� &$�� 3%*n l m d�R^ ��'8��� �4 �#�: I�+" ��4��4 419# g�%
���
&�B2H �h/K� '-  ��6	� ,%�1:� �m '2��%b '+ $AB2�,� �� b # a �%�a 4�@ #4 �$�� <�0 z>p� '8��� 3%�� �4 ��+ 3%R)2 '-  �1B
� &�K>V� �

�$0�4 �	��1K  2�R]� ��<�2��� =�+ �210� � ,%RT* m >+ '-  ��6	� b # a >6�4 g��!@ '+ ��0�+ >�sb�\)+ m >+ a− b  	.�
78�9 # <"�* ����G�1� '+ >O	� <"��2� 3�� '+ 4��@� '�>e2 �4  @��+� �%� ��	/`>: ��>=  ��>+ 4�1� 12 ���'�#�" "� 4��@�  ���*  /AB2�,� 4��2 M��+� �+

�$�� '/
B2 '2 4�@ ��'()���* �4  2�B:�2  ��`1]0 3�� # $�� <�A2 '91*
�41+ <�0 z>p� >�" g�1a '+ '%2�w �� I��" g�� �+ &Z1� \O	� '+ �1+>�  21�"H �1BA� 'NO� U� �4

�$�� ��TV A G1BO� ���T�
|ADD��� = [C (�|C+A)]| .

'- 3�� '+ '91* �+  8# �4��4 4��@�  ��>+ # �pK # I1�"H '+ "�%2 # >%:�$=# ��%R+ &,%	- ��%b �� A ���T� '84�.� [^ # ,%T/R� Z#� '+ ,%��1)+ >:�
I�+" '+ G�^ ���H� � $��+  /^�� '+ IH Q�=�� M1�O� �+ # $�� >�sb�\)+ D >+ �V $�� 4�@ �s8 &$�� <�0 >��Y $��� $�� �4 C 4�@ x+>�

�4>- I�%+ >�" g�1a '+ &�0�+ D "�  +>�� IH Q�=�� M1�O� >:� $�� >�sb�\)+ D >+ �4�@ '-�3�� [%84 I�1*� �  /AB2�,�
 /AB	�� �4 &��n ≡ � (mod D)  /AB	�� '+ '91* �+ &N = a× ��n + b× ��n−� + c× ��n−| + · · ·+ ��× q + r �%	- �>`

,���4 D '2��%b '+

a× ��n ≡ a

b× ��n−� ≡ b

c× ��n−| ≡ c

���
q × ��� ≡ q

r ≡ r.
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'2 4�@ ���� /
60 # ��� ��!�" �

,���4 3%`>_ I4>- x�9 #  /AB2�,� $%a�K '+ '91* �+ G�^
N ≡ a+ b+ c+ · · ·+ q + r (mod D).

U� ��2�0 I�%+  /AB2�,� I�+" '+ <��+#4 ��1` &�241+ <�0 '/K�	0 >6�4 ����g�1a '+ I��" IH �* '-  �����= "� ���%R+  /AB2�,� 4��2 M��+� "� �.+
�41+ <�0 z>p� >�" g�1a '+ '- &$�� I1RN�# '%�= 7��	� G���

>�" ���T� <�62H �0�+ G#� �4�@ p >:�
�× |× C× · · · × (p− �) + �

p

410� � z>p� >�" g�1a '+ �1` g�
#>
� �+ & /AB	�� 4��2 �+ I1RN�# '%�= <"#>�� �41+ ���1K [��- �4�@
(p− �)! + � ≡ � (mod p).

�,��, %��� ��	$�9, �� �� ��� :
'� 4�@ G��� ��>+ �$�� �R(84 ��%R+ ��168� # ��� ��!�" 3�� yA- # I4>- ��%b &$�� �5%62��$
60 # 78�9 ���� :;�# ����4 4��@� ,/R%�
3%8#� ��%	- ��%b  :;�# 3�� �+ >6�4 �4�@ �%2�1*� � ��H &��| = (� + � + |)C = �C &'� I�1* '+ IH Q�=�� M1�O� �+ $�� >+�>+ ��|  �=�
��%	-� � <���A� �� 4��@� 3�� "�  K>+ >�" G#�9 �4 ��� = (�+ �)| = D| �$�� D IH ����,=� x�9 '- $�� �� 4��4 ��  :;�# 3�� '- �4�@

4�@ (Q�=�� M1�O�)n
�� = D|
��| = �C
�D�C = ��C
��C| = ��C
����� = |�C
�D��C = |�C

&�	0�+ >6�4�U� d1NT� ���IH x�9�[a�^ # d>
�[a�^ '- 4�@ #4 I4>- ��%b l410� � >��Y '2 4�@ $R)2 5%2 �O	�� �4m 4��@� >6�4 78�9  :;�#
<�	2�1K ��%	- ��%b I�*41K ��>+ 4��@� 3�� "� $
9 U� �%2�1*� � ��H ��%	-� � �<���A� �� 4��@� $
9 3�� "� '21�2 �	V >�" G#�9 �4 '21�2 ��>+

�,%�4� � M�9�� �|� '+ �� �	��'=h@

! � �,
�)%� �,��, ��:
3�� >:� &$�� ��|���  �=� �\0 4�@ <�0 '/K�	0 ���'K>V 4�@ 3�>*�UV1- &�	/R� l m ���'K>V 4��@� 78�9 ��%R+ 4��@� "�
$T%T^ �4 &��|���× C = �|���� h�� �41+ ���1K IH 41K "� ���'K>V $A6��9 U� [a�^ &,%	- d>
 � # � &� &C &| 4��@� �4 �� 4�@
�4��4 ,=� p − � >�-��^ '- $��  04>: j�#4 ����4 p �1].� <�62H �0�+ G#� 4�@ p >:� �$�� ��|��� Z4>: j�#4 ����4 � 4�@ �1].�

�4>- <��0� >�" 4��1� '+ I�1*� � &D '+ IH ��!*�� # ��|���  AK>V 4�@ ���� :;�# "� � �� = �.��|���
$�� D ����,=� "� 7->� 4�@ g�1a '+ [a�^ l�)A� g�>%�* G��@� �+ � ����d>�� #m � �4 IH d>
 "�

��|���× � = DDDDDD.
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� �����	
�� �
�����

��%	- $=4 ��|��� 4�@ '+ �1+>� >�" ����x�9 '+ 3%	(��
��+ |�+ �� = DD
��|+ ��� = DDD
��|�+ |���+ ���� = DDDD.

! ��� ��	
�;<�� %��' =
�	
��1� � �'�>���� �� �� ��� ��=

�� U� # 4�@ U� 3%+  2�`>@ ��  B8� 'p+�� '+ 4�T/@� "� $�� g��!@  ��	04�@ ��� �4 �$��  
N/)� ���>%R
* # y���.* � ��	04�@� ��>+
'+  ��	04�@ 3%	(�� �41B0 # l4��@� ,N@ 3/0�4m 4��@� $K�	0 'p��1+ 4��@� >%R
*  	.�  ��	04�@ &>6�4 y�>.* �4 �� �I��5�� '.=�# �	V
I�B9 >+ 4�@� &��1:� � '- ��1o��%` �#>.� ��'N�9 �4 I�1*� � �� 4�@ $%��� �$����<��� #  ���� &g��N- �4 �#>^ �4�@ Z"�� ��'.8�p� I�1	@
�* '/`>: 4�>`� d�R^ # 3
N* <���0 & N��- �%J)* "� &$�� Q�=�� # 4��@� ��	!� >+ 5%V '�� $
: I�1*� � <"#>�� �4>+  b &��	-� �  2��>` �,]^

�>6�4 4�1� I���5� # '���>� ��"�+ ���1N+�* &��� R�12�- &������62�5��
#  2�/��+ <��# U� 3�� �$�� �[:1:� &,���4 ��- # >� IH �+ �� "#� >� # 410� � �
N* �^�# g�1a '+ �%24 Q��* �4 '- ��<��# 3�>*�\%+ <"#>�� ���0
Q�=  -��b >%R� �4 41K UV1- <4�"4�>+ #4 <�>�� '+ '-  ��]�>�H �#>.� I�4� 
��� l m >	��- 4��#4� �D|� G�� �4 &$R%2 3B-
&l m �*#>%� I1/N%� Q�	+ >*�UV1- <4�"4�>+ &�%�4� � 4�B	A%b  ��� 'V ?�5+  N%K  N%K 4��@� ��>+ '- �%�>b ���IH "� �# &�24"� �
?�5+ ��%R+ 4�@ d�/- �4 >	��- �4�4 4�B	A%b �� l m �G�:1:� ,�� &$0�4 G�� D cT` '-
4�1
	/�� <�6A2�4 �>/-4 �1OA2�4 '- l m 3�>+  t:>� # l m q%b �>8 �DD� G�� �4 �4>-  `>.� G�:1: U� �� �����

��241+ <4>- d�)/2� Q�2 ���IH "� [!= ��24�4 ��>= 41K >:1O/R9 �1*1� ��>+ �� Q�2 3�� &�241+
$��B2� + >62����2 '2 4�@ '-  8�^ �4 4�4� � I�A2 �� M#>0 'pT2 U� 4�@ I�/��+ 3%V �4 &�	/R2�4  � I�B9 "�  2�`>@  A)+ �� 4��@� I�/��+ I�%	%V
<41+ ��4�1K>+  �n�+ $%��� "� ���IH ��>+ ,B2 <�� "� ,B2 "#� �4>- <���A� 3%V  :�2" ����'!	9 "� ���%R+ �4 I�1*� � �� <���0 3�� # 41+  ��B/2� #
<4�
/�� �I41+ '2 #>: �4 $A�� zhpa� "� I1�41K  	�>` �4 '21�2 ��>+ 410� � <4�
/�� '2 4�@ "� IH �4 '- $�� �4��" ����[��8��d>
 �$��

�,%	-� � I�%+ �� $�� <�0 <4�
/�� '2 4�@ "� '-  O��� ����[��8��d>
 "� '21�2 �	V �O	�� �4 �,%	-� �
 	%V [��8��d>
 �
 	%V [��8��d>
 �

 ��%2�L�� [��8��d>
 �
�4>- [��8��d>
 �
 2��8H [��8��d>
 �

�1R2�>` [��8��d>
 �
I�R2� �O+� 4�@ '21�2 ��>+ ��24>- <��0� &'2 4�@ ���� :;�# "�  K>+ '+ 5%2 &IH>=  2���H d�/- �4 �4�@ g�5O.� yA- '+ I��	��'=h@ "�  �.+

�$�� D "�  +>�� ���IH �O+� 4�@ '- '�_�` &��B� �	2�� ��T�  ���� 4��1� # C�� IH>= �O+� 4�@ &$�� ��|

�'�>6�,�� � &�?�@�� �� �� ���  �=
�4  T%T�* Q�O2� '+ >6��]� ���]�� �+ ¡¢£<�6A2�4 # 1:�]%0 <�6A2�4 �$�� ��	��g��= 4�@ 5%2  	%+�x8�_ # g��%N!* & ��	A2�#� �4 '2 4�@
<���A� 7O.* G��- �+ ��24>- <4�
/�� �n4 �� # �n4 CD &�n4 C� '��b $�%= '� "� �B2H i%T�* 3�� �4 ��24>- Q��=� I�2" W�01b Z#>` �+ 'p+��
I��>K �$�� <4>- '+>O* �n4 C� >* 3%��b $�%= �+ G1J��  /^ &4��1� '%T+ '+ $!R2 �� �>/B+ Z#>` ��%R+ �n4 CD $�%= �+ G1J�� '- �24>-
�	V >� &$�� �n4 �� $�%= '+ n�- IH I��>K '+ $!R2 �>*n�+ Z"�� ����4 <�		- �>J� >e2 �4 $	� DD # �n4 CD $�%= �+ n�- �� G1J�� U�
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'2 4�@ ���� /
60 # ��� ��!�" D

�>*n�+ <4#5`� Z"�� 'O%/2 �4 # 4��4 ��>= �n4 C�  /�%= q2� �4 $	� DD # �n4 CD $�%= ��� &�0�+  � $	� U� �B	* n�- #4 3��  /�%= g#�
* '-
�l��� m���� � >e2 '+ �>/B+ 'N��.� # �	-� � 4�O�� �>/A� ��>+ ��

�AB � ���� %" 4C�D �� ��� *�=
# '/
� &"#� �4 ���'%2�w &���'T%=4 Q�=�� x�9 'A%�� '- 4��4 419# l"#� C��m G�� �4 'T%=4 �|���� &'/
� �4 'T%=4 ����� &"#� �4 'T%=4 ����

�$�� D IH  �=� 'A�� �� $�� D &G��

��,%;,� �� ��,%�1	 E�%�,� � �� ��� -�=
���� :;�# �* 4>- d�O� �� �� '- 41+ d�s9 ��= �IH ,��>+  0"1�H 1���# 3�� I��4 # 41+ '/K�4>b '9�4 # D 3%+ 78�9 'p+�� '+ & b1%*1� G�2�- U� �4

�����,%	-  ��>+ �� D
�	��>` '��4� �+ # $�� >�sb�\)+ D >+ "�+ '9�4 ���  	.� ,%	- yJ2 �� <>��4 3�� >:� $�� �
�# &$�� >�sb�\)+ D >+ '- &$�� '9�4 C�� <>��4 >�

��� # '9�4 ||E� &'9�4 �� &'9�4 D� &$�� D "�  +>�� IH Q�=�� M1�O� "�+ &I4>- yJ2

��	�4� � I�A2 ��  ��>:�# #  ��>6�� $��� "� 7%*>* '+ �� []0
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