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"IF AND ONLY IF" OR
"EQUIVALENCE THEOREMS"
Statements including the expression "if and

only if" are rather common and very useful
in mathematics. If we can show that "A if and
only if B", we are proving that A and B are
equivalent statements, because either one of
them is true (or false) only when the other
one is true (or false). The statement "A if and
only if B" means that "A is a necessary and
sufficient condition for B" and that at the
same time "B is a necessary and sufficient
condition for A."

Thus to prove that the statement "A if and
only if B" is true, we must prove that:

1. If A, then B.

(A is a sufficient condition for B; B is a
necessary condition for A.)

2.If B, then A.

(B is a sufficient condition for A; A is a
necessary condition for B).

Therefore, the proof of an "if an only if"
statement has two parts. We can use any one
of the techniques we know to construct each
part.

Notice that the statements "If A, then B"
and "If B, then A" are converses of each
other.
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EXAMPLE 1. A nonzero real number is
positive if and only if its reciprocal is positive.

Proof. The two parts of this statement are
the simple statements

A: A real number a is positive.

B: The reciprocal of a, denoted as a’!, is
positive
Part 1. If A, then B.

(The fact that the number a is positive
is sufficient to imply that its reciprocal is
positive.) By definition of reciprocal

asa'-l.
So the number a s a’! is positive.

By the properties of operations of real
numbers, the product of two numbers is
positive only if the two numbers are either
both positive or both negative. Because by
hypothesis « is positive, it follows that a' is
positive.

Part 2. If B, Then A.
(The fact that the number a is positive is
necessary to imply that its reciprocal is
positive.) By definition of reciprocal

axa'-1
So the number a # a’! is positive.

By the properties of operations of real
numbers, the product of two numbers is
positive only if the two numbers are either
both positive or both negative. Because by
hypothesis, a! is positive, it follows that a is
positive.
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